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Abstract
In this paper we analyse the non-conservative forces on
magneto-dielectric particles in special configurations where
the scattering force is not proportional to the average value
of the Poynting vector. Based on these results we revisit the
concept of the radiation pressure exerted by the electromag-
netic radiation on a small particle.
1. Introduction
After the pioneering experimental work by Ashkin and co-
workers [1] , the mechanical action of light on small parti-
cles has been extensively used to trap and manipulate small
particles [2, 3, 4] or to induce significant optical forces be-
tween particles [5, 6, 7]. Some recent proposals like the op-
tical tractor beams [8, 9, 10, 11, 12, 13, 14], have renewed
the interest in this field.
Small dielectric particles compared with the radiation
wavelength develop an electric dipole moment that is drawn
by intensity gradients and that competes with the radiation
pressure due to the momentum transferred from the photons
to the particle. Actually, light forces on small dielectric
particles are described as the sum of the dipole or gradient
force and the radiation pressure or scattering force [15, 16].
Radiation pressure is usually considered proportional to
the Poynting vector. However this is not the case for inho-
mogeneous waves. For non-homogeneous waves there is
also an additional contribution to the scattering force [17],
which has been shown to be a non-conservative force pro-
portional to the curl of the spin angular momentum of the
light field [18]. Actually, this curl term maybe interpreted
not like an extra force, but like the absence of the spin com-
ponent in the momentum transferred, which is then sim-
ply given by the orbital component of the Poynting vector
[19, 20, 21].
This second contribution to the scattering force may
be essential to understand the behaviour of nano particles
under non-homogeneous waves. For example both, forces
coming from the Poynting vector and spin forces, must be
considered in order to understand the scattering forces in
the focal volume of microscope objectives [22, 23, 24, 25].
These non-homogeneous light fields may be also pro-
duced by an appropriate manipulation of interfering laser
beams. For example, it is possible to generate local vortices
and complex Poynting vector patterns [26] leading to com-
plex dynamics of the nanoparticles [27, 28, 29] and tractor
properties [14]. These interesting field configurations are
usually based on the interference between linearly polar-
ized fields. Recently, the forces on a small dipolar particle
and the electromagnetic momentum density in a configu-
ration consisting in two perpendicular circularly polarized
stationary waves have been analysed [30]. The field dis-
tribution for this particular configuration shows regions in
which electric and magnetic fields are parallel, correspond-
ing to a null Poynting vector. Although the average value of
the momentum density, proportional to the Poynting vector,
is zero in these regions, a non-negligible scattering force,
due to light’s spin force, was found.
In this paper we will review this result and we will ex-
tend it to the case of magneto dielectric particles. We will
also discuss about the value of the linear momentum trans-
ferred to the particle, based on the total scattering forces.
2. Scattering forces with null Poynting vector
in dielectric nanoparticles
Let us consider a small dielectric particle and let us treat
it as a point dipole proportional to the external field, p =
✏0↵E where ↵(!) = ↵0(!)+ i↵00(!) is the complex polar-
izability and ! the frequency of the electromagnetic field.
The total time averaged scattering force may be written as
the sum of two terms; a scattering force proportional to the
Poynting vector and a scattering force proportional to the
curl of the spin angular momentum of light [18]:
hF i =  
⇢
1
c
hSi
 
+  
n
cr⇥ hLSi
o
(1)
where   = k↵00 is the particle’s extinction cross section.
The time averaged Poynting vector is,
hSi = Re{E⇥H⇤}/2 (2)
and the last term on the scattering force, related to the spin
density of the light field, is given by,
hLSi = ✏0 {E⇥E⇤} /(4!i) (3)
It is worth to mention that the scattering force given by
Eq. 1 applies not only to “point particles” but also to finite
size particles whose size is much smaller than the wave-
length. As shown in Ref. [31], Eq. 1 can be directly derived
from the Maxwell stress tensor assuming that the external
exciting fieldsE andH are slowly varying in a region of the
order of the particle size and that the scattered field “out-
side” the particle can be approximated as the field emitted
from a dipole.
Let us analyse the average value of the scattering force
when the small dielectric particle is placed in a electromag-
netic field consisting in two perpendicular circularly polar-
ized stationary waves with wavelength   and wave vector
of modulus k = 2⇡/ , propagating in the X-Y plane and
with a different of phase of ⇡/2.
E1 = (e
ikx   e ikx) 1p
2
(0, 1, i) (4)
E2 = (e
iky   e iky) ip
2
(1, 0, i) (5)
The value of the total scattering force is given by [30]
hFxi =  ↵00k✏0[cos(kx) sin(ky)] (6)
hFyi = ↵00k✏0[cos(ky) sin(kx)] (7)
hFzi = 0 (8)
while the Poynting vector is given by [30]
hSxi =  ✏0c[cos(kx) sin(ky) + sin(kx) cos(ky)] (9)
hSyi =  hSxi (10)
(11)
hSzi = 0 (12)
In points given by
y =  x± m 
2
(13)
being m an integer number, the electric and magnetic
fields are parallel, implying an average value of the Poynt-
ing vector equal lo zero. However, the total scattering force
on these points is non zero.
If the scattering force is considered to be a momentum
exchange with the light field then, in this points, we have
an anomalous situation where the scattering force is non
zero but the electromagnetic linear momentum density, pro-
portional to Ponting vector, is zero. Let us analyse if this
anomalous situation also holds in the case of small mag-
netic particles.
3. Scattering forces with null Poynting vector
in magneto-dielectric nanoparticles
The optical scattering force on magnetic particles has been
analysed in Ref. [31, 32]. If the magnetic moment induced
by the electromagnetic field is given by m = (↵m/µ0)B
then the total scattering optical force is
hF i =  m
⇢
1
c
hSi
 
+  m
n
cr⇥ hLSM i
o
(14)
where  m = k↵00m is the particle’s magnetic extinction
cross section and the magnetic spin density of the light field
is given by,
hLSM i = (1/µ0) {B⇥B⇤} /(4!i) (15)
The Poynting vector has not changed with respect to the
previous case but, in order to calculate the total scattering
force on the magnetic particle, we must calculate the new
force due to the curl of the magnetic spin density of the light
field. This curl of the spin density is given by
r⇥ hLSM i|x = (✏0/c)[cos(kx) sin(ky)] (16)
r⇥ hLSM i|y =  (✏0/c)[cos(ky) sin(kx)] (17)
r⇥ hLSM i|z = 0 (18)
Once we know the spin density we may calculate the
total scattering force:
hFxi =  ↵00mk✏0[cos(ky) sin(kx)] (19)
hFyi = ↵00mk✏0[cos(kx) sin(ky)] (20)
hFzi = 0 (21)
Again it is possible to find regions where the Poynting
vector is zero but the average value of the scattering forces,
due to the existence of a magnetic spin density with a value
of the curl different from zero, is not null (see Figure 1).
The scattering forces for magnetic and dielectric parti-
cles are different but, in this particular case, the dynamical
trend of both kind of particles, dielectric and magnetic, is
going to be the same. We should say that this is not al-
ways the case. For example, in the case of linearly polar-
ized beams, a s-polarization implies a null value of the spin
force for the dielectric particle and a value different from
zero for the magnetic particle. And, for p-polarization, the
situation is just the opposite [18].
For small particles with a non- negligible electric and
magnetic induced dipole there is also an extra contribution
to the force given by the interaction between both dipoles,
magnetic and electric [31, 32]. But, for pure scattering
forces (coming solely from the imaginary parts of the po-
larizability, ↵
0
= ↵
0
m = 0 ) the contribution from this mix-
ing term is simply proportional to the average value of the
Poynting vector [33].
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4. Revisiting the electromagnetic linear
momentum transferred to a small particle
By summarizing the results presented in this paper, we may
say that, even with a null average value of the Poynting vec-
tor, a dielectric particle experiences a pure scattering force
given by
hF i =  
n
cr⇥ hLSi
o
(22)
while a magnetic particle, with zero Poynting vector,
experiences a scattering force given by
hF i =  m
n
cr⇥ hLSM i
o
(23)
Then, it seems natural to redefine the radiation pressure
exerted over a small particle as the sum of the forming con-
tribution coming from the Poynting vector (S/c2) and the
curls of the electric and magnetic spin densities [30], i.e.
for the dielectric particle,
hpei = hSi
c2
+ (r⇥ hLSi) (24)
and for the magnetic particle,
hpmi = hSi
c2
+ (r⇥ hLSM i) (25)
The terms added are solenoidal so they have no in-
fluence on the conservation laws obtained from Maxwell
equations.
The average value of the electromagnetic momentum
transferred to the dielectric particle may also be written as
hpei = i✏0
4!
X
i=x,y,z
(EirE⇤i   E⇤irEi) (26)
while for the magnetic particle it may be written as
hpmi = i
4!µ0
X
i=x,y,z
(BirB⇤i  B⇤irBi) (27)
Note how both expressions are the natural vectorial ex-
tension of the density of linear momentum for a scalar field
 in quantum mechanics [30],
i~
2
( r ⇤   ⇤r ) (28)
A possible value for a instantaneous electromagnetic
linear momentum density, with average value like the one
obtained in 26, is given by
pe = ✏0
X
i=x,y,z
EirAi (29)
being A the gauge invariant transverse vector potential
[34], while and average value like 27 is obtained with
pm =   1
µ0c
X
i=x,y,z
BirCi (30)
being C the dual transformation of the vector potential
A [35, 36]. These terms are usually named as the orbital
part of the electromagnetic linear momentum density.
Interestingly, by considering the transverse gauge [34]
for the free electromagnetic fields, the following linear mo-
mentum density pˆ is obtained directly from the canonical
stress energy tensor [37]
pˆi =
Si
c2
+ ✏0r(EAi) (31)
and it is easy to show that in vacuum
pˆ = pe (32)
Then, the momentum transferred to the dielectric par-
ticle, because of the interaction with radiation, is equal to
the linear momentum density derived for the electromag-
netic fields in vacuum, when the canonical stress energy
tensor is considered. The linear momentum transferred to
the magnetic particles pm is also obtained from the canon-
ical stress energy tensor, but in this case, the dual electro-
magnetic fields must be considered [35, 36].
So we could be tempted to consider the linear momen-
tum density, obtained from the canonical stress energy ten-
sor, as the linear momentum density carried by the elec-
tromagnetic radiation in free space. However, we must be
very careful because the canonical stress energy tensor has
a major drawback, it is not symmetric. This asymmetry
has two main consequences: First, the instantaneous time
variation of the electromagnetic energy density (rS) is not
longer proportional to the instantaneous divergence of lin-
ear momentum density (c2rpˆ). Second, for a non sym-
metric stress energy tensor the electromagnetic angular mo-
mentum is, in general, not conserved [37]. Although we
should point out that the total angular momentum derived
from the calculation of r ⇥ pˆ, usually known as the orbital
angular momentum of light, is conserved [38].
5. Conclusions
We have analysed the scattering force for crossed circularly
polarized standing waves where the field distribution shows
regions with parallel electric and magnetic fields, corre-
sponding to a null Poynting vector. We have shown that, al-
though the momentum density proportional to the Poynting
vector is zero in these regions, there are scattering forces
acting on small dielectric particles due to light’s spin force.
We have extended these results to small particles presenting
both, electric and magnetic responses. We have discussed
the intriguing interplay between the momentum and spin
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Figure 1: Scattering force on a magnetic particle for the
configuration consisting in two perpendicular, circularly
polarized, stationary waves with wavelength   propagat-
ing in the X-Y plane and with a difference on the phase
  = ⇡/2. The colour map represents the magnitude of the
Poynting vector (darker for lower values). Red circles high-
light the scattering forces which are different from zero in
a region with null value of the Poynting vector.
densities and the actual force on magneto-dielectric par-
ticles. The optical force suggests a new definition of the
radiation pressure exerted by light on a small particle, pro-
portional to the full scattering forces.
Finally we would like to comment about the non-
locality of the phenomena reported in this work. As we
already mention, the calculated scattering force applies also
to finite size particles and, even though the Poynting vector
vanishes at particular points in space, it does not vanish ev-
erywhere over the finite volume of the physical object. It
would be interesting to seek for particular configurations
where the Poynting vector is null everywhere over the vol-
ume of the object, while the scattering force is different
from zero.
We hope this discussion will open intriguing basic
new possibilities about the concept of the linear momen-
tum transferred by the electromagnetic radiation to small
magneto-dielectric particles.
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